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Abstract. This paper adresses the following problem: Given a closed orientable three- 
manifold M, are there at most finitely many closed oiientable three-manifolds 1-dominated 
by M? We solve this question for the class of closed orientable graph manifolds. More 
presisely the main result of this paper asserts that any closed orientable graph manifold 1- 
dominates at most finitely many orientable closed three-manifolds satisfying the Poincare- 
Thurston Geometrization Conjecture. To prove this result we state a more general theorem 
for Haken manifolds which says that any closed orientable three-manifold Al 1 -dominates 
at most finitely many Haken manifolds whose Gromov simplicial volume is sufficiently 
close to that of M. 



1. Introduction 

1.1. Statement of the general problem. We deal here with non-zero degree maps be- 
tween closed orientable 3-manifolds. Recall that a 3-manifold is termed geometric if it 
admits one of the eight uniform geometries classified by W. P. Thurston. Denote by Q the 
set of closed geometric and Haken manifolds union the connected sums of such manifolds. 
Note that the Poincare-Thurston Geometrization Conjecture asserts that Q represents all 
closed orientable 3-manifolds. Thus a 3-manifold of Q will be termed a Poincare-Thurston 
3-manifold. According to IBWl . given two closed orientable 3-manifolds M, N, we say 
that M d-dominates N (M >(d) N) if there is a map /: M N of degree d ^ 0. A 
motivation for studying nonzero degree maps comes from the observation that they seem 
to give a way to measure the topological complexity of 3-manifolds and of knots in S'^. 
For instance Y. Rong proved in IRo2l that degree one maps define a partial order on the set 
Q, up to homotopy equivalence. In the same way one can define a partial order on the set 
K, of knots in S^, up to knots equivalence. Given two knots K and K' in K, we say that K 
1 -dominates K' if the complement Ek of K properly 1 -dominates Ek'- Then it follows 
from I Wa| combined with the fact that knots in S^^ are determined by their complement, see 
IGLI . that (/C, >(i)) is a partially ordered set (a poset). This paper adresses the following 
question which is closely related to the partial order induced by degree one maps (see also 
Kirby's Problem List E Problem 3.100]): 

Question 1. Given a closed orientable 3-manifold M, are there at most finitely many 3- 
manifolds N mQ (up to homeomorphism) 1-dominated by Ml 

Note that in this question the targets are 3-manifolds of Q because of the Poincare Con- 
jecture. Indeed if there is a fake 3-sphere K then one can get infinitely many reducible 
homotopy 3-spheres by doing connected sums of finitely many copies of K and since 
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there always exists a degree one map from a closed orientable 3-manifold M to a homo- 
topy 3-sphere we have to exclude this kind of 3-manifolds. On the other hand, in Question 
1, we consider always degree one maps to avoid some easy counter examples. For instance 
for any spherical Lens space L{p, q) there always exists a nonzero degree map (actually a 
finite covering) from the 3-sphere to L{p, q). 

1.2. The main result. In this paper we solve Question[2when the domain M is a closed 
orientable graph manifold. More precisely our main result states as follows. 

Theorem 1.1. Any closed orientable graph manifold 1 -dominates at most finitely many 
closed orientable Poincare-Thurston 3-manifolds. 

This result comes from a more general theorem which gives an affirmative answer to 
Question 1 when the targets are closed Haken manifolds whose Gromov simplicial volume, 
denoted by Vol(.), is sufficiently close to that of the domain M. More precisely: 

Theorem 1.2. For any closed orientable 3-manifold AI there exists a constant c G (0, 1), 
which depends only on M, such that M 1-dominates at most finitely many closed Haken 
manifolds N satisfying Vol(A^) > (1 - c)Vol(Af). 

Recall that there are many important results related to Question [2 obtained when the 
targets are restricted. More precisely the known answers can be summurized as follows. 

Theorem 1.3 ( IH-LWZI . IS2l . lWZl . llRel . llRoll \ Any closed orientable 3-manifold 1- 
dominates at most finitely many orientable closed geometric 3-manifolds. 

Notice that in some cases the degree of the maps need not to be bounded. This is true 
in particular when the targets admit a hyperbolic or an x R-structure. Thus a useful 
consequence of the proof Theorem ll.3l is the following result. 

Corollary 1.4 r ilS2I . IIWZI \ Any orientable 3-manifold M properly dominates at most 
finitely many closed orientable geometric 3-manifolds with non-empty boundary. 

Then the following step is to study Question^when the targets are Haken manifolds (a 
Haken manifold is not geometric in general but it admits a decomposition into geometric 
3-manifolds). This is the purpose of Theorem ll.2l 

We end this section by giving an interpretation of Theorem 1 1.1 1 for the subclass of 
Q which consists of graph manifolds. The purpose of this remark is to study the local 
finiteness of the poset (C^o, up to homotopy equivalence. Recall that a poset (P, >) 
is locally finite if for any x,y inV with x < y the interval [x,y] — {z e V^x < z < y} 
is finite (many results on posets require this condition). Then Theorem 11.11 implies the 
following 

Corollary 1.5. The poset of closed orientable graph manifolds partially ordered, up to 
homotopy equivalence, by degree one maps is locally finite. 

2. Notation and terminology 

2.1. The degree of a map. Let /: M N he a map between orientable compact con- 
nected n-manifolds. We say that / is proper if f~^{dN) = dM. Suppose / is proper 
Then / induces homomorphisms : ttiM ttiN, /j : H^,{M, dM) H^,{N,dN), 
H*{N;R) i7*(M;R). The degree of /, deg(/), is given by the equation 
= deg(/)[iV], where [M] e Hn{M,dM;Z), [N] e Hn{N,dN;Z) are the 
chosen fundamental classes of M and N. On the other hand the Gromov simplicial vol- 
ume Vol(Af) of the pair (Af, dM) is the infimum of the /^-norms X]j=i I °f cycles 
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z — \ : A" M singular n-simplexes of M, Xj e R, representing 

the fundamental class [M] e H„{M, dM ; Z) (see |G Sect. 1.1]). We recall the following 
well known and useful result on nonzero degree maps. 

Proposition 2.1. Suppose f : M ^ N is a proper nonzero degree map between compact 
orientable 3-manifolds. Then the following properties hold: 

(i) the index of /^(ttiM) in ttiN divides deg(/), 

(ii) the induced homomorphism /j : H^lMjdM^TV) if, (A^, 9A^; R) is surjective 
and by duality : H* {N; R) — > H* (Af ; R) is a monomorphism, 

(Hi) Vol(M) > deg(/)Vol(A^). 

Sketch of proof. Point (i) comes directly from a covering space argument as in the proof of 
Lemma 15.12 in [Hel. Point (ii) comes from the Poincare Duality combined with the nat- 
urality of cap products. Point (iii) can be obtained directly using the definition of Gromov 
simplicial volume combined with the definition of the degree of a map given in paragraph 

2.1. □ 

2.2. Haken manifolds and sewing involutions. An orientable compact irreducible 3- 
manifold is called a Haken manifold if it contains an orientable proper incompressible sur- 
face. Given a closed Haken manifold N we denote by TJv the Jaco-Shalen-Johannson fam- 
ily of canonical tori of N and by TL{N) (resp. S{N)) the disjoint union of the hyperbolic 
(resp. Seifert) components of Tat x [-1, 1] sothat A^\7]v x [-1,1] = n{N)iJS{N), 
where T/v x [—1,1] is identified with a regular neighborhood of T/v in such a way that 
T/v — 7/v X {0} (see fjS^, fjl and fT2| for the statement and the proof of this decom- 
position). On the other hand, we denote by S(A^) the disjoint union of S{N) with the 
components of T/v x [—1,1]. 

Let be a Haken manifold. Consider the 3-manifold N* obtained after splitting N 
along T/v. There is an involution s: dN* dN* defined as follows. Let r: N* N 
be the canonical identification map. For any component T of dN* we denote by T' the 
unique component of dN* distinct of T such that r(T') = r(T). Let st : T T' be the 
unique homeomorphism such that {r\T') o st ~ r\T. Define s by setting s\T — st for 
any T G dN*. The map s will be termed the sewing involution for N. 

Consider now two Haken manifolds A^i and N2 with sewing involutions si and S2. We 
say that the two ordered pairs {Ni, si), {N2, S2) are equivalent if there is a homeomor- 
phism ?/: N^ N2 such that rj o si and S2 o -q are isotopic. Using this notation then 
two Haken manifolds A^i and N2 are homeomorphic if and only if the two ordered pairs 
(iV*, si) and {N2, S2) are equivalent. On the other hand we will say, for convenience, 
that two Haken manifolds iVi and A'2 are weakly equivalent if there is a homeomorphism 
ly. Nt^Nl 

2.3. Haken manifolds, graph manifolds and simplicial volume. Recall that it follows 
from ITl I that if is a complete finite volume hyperbolic manifold then 

Yom ^ ^^^^ 

where Volant (if) is the volume associated to the complete hyperbolic metric in int(ii) 
and is a constant which depends only on the dimension. On the other hand it follows 
from |G| that Vo^S*) = when S' is a Seifert fibered space. Then using the Cutting off 
Theorem of M. Gromov (El) we get 

Vol(iV) = Vo\{H) 
Hen{N) 
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A 3-manifold G is termed a graph manifold if there is a collection T of disjoint embedded 
tori in G such that each component of G \ T is Seifert. Note that the Gromov simplicial 
volume gives a characterization of graph manifolds in the following way: 

Theorem 2.2 (fS41). A closed orientable 3-manifold N is a graph manifold if and only if 
N is an element ofQ with zero Gromov simplicial volume. 

We end this section with the following convenient definition. Given a closed Haken 
manifold N, a zero codimensional submanifold G of N which is the union of some geo- 
metric (resp. Seifert) components of N will be termed a canonical (resp. graph) subman- 
ifold of N. 

3. Main steps of the proof of Theorem I1.2I and statement of the 

intermediate results 

Let M be a closed orientable 3-manifold and let iV be a closed Haken manifold 1- 
dominated by M. First note that we may assume, throughout the proof of Theorem 1 1.21 
that the target satisfies the following condition: 

(I) iV is a closed non-geometric Haken manifold. 

This condition comes from Theorem ll.3l On the other hand the constant c G (0, 1) of 
Theorem ll.2l is given by a result of T. Soma in | S3 Theorem 1] which implies the following 

Theorem 3.1 (|S3|). Let M be a closed orientable 3-manifold. There exists a constant 
c G (0, 1), which depends only on M, satisfying the following property. If f : M ^ N 
denotes a nonzero degree map to a closed Haken manifold N whose Gromov simplicial 
volume satisfies Yo\{N) > (1 - c)Vol(M) then Vol(M) = deg(/)Vol(iV). 

This, in order to state Theorem ll.2l we will prove the following general result on non- 
geometric closed Haken manifolds. 

Proposition 3.2. Let M be a closed orientable 3-manifold and let d be striclty positive 
integer Then there are at most finitely many closed non-geometric Haken manifolds N 
such that there exists a degree-d map f : M N satisfying Vol(M) = deg(/) Vol( A^). 

The proof of Proposition 13 .21 contains two steps. In the first one, we show that there 
are at most finitely many homeomorphism classes for N* (when N runs over the targets 
manifolds) and in the second one, we prove that there are at most finitely many equivalence 
classes of pairs (A^*, s) where s is the sewing map which produces the target A^ from its 
geometric decomposition A^*. We give now the key results of this two steps. 

3.1. First step: Control of the geometric decomposition of the targets. According to 
the paragraph above, the purpose of this step is to prove the following result: 

Proposition 3.3. Let M be a closed orientable 3-manifold and let d be a strictly positive 
integer Then there are at most finitely many classes of weakly equivalent non-geometric 
closed Haken manifold N such that there exists a degree-d map f : M N satisfying 
Vol(M) = deg(/)Vol(Af). 

The proof of Proposition 13.31 depends on the following key result which says that a 
nonzero degree map / into a Haken manifold A^ has a kind of canonical standard form 
with respect to the geometric decompostion of A^ . 

Lemma 3.4 (Standard Form). Any closed orientable 3-manifold M admits a finite set 
Ti. — {Ml, Mfe} of closed Haken manifolds satisfying the following property. For any 



5 



nonzero degree map g: AI N into a closed non- geometric Haken manifold N con- 
taining no embedded Klein bottles and satisfying Vol(M) — Aeg{gyVo\{N) there exists at 
least one element Mi in 7i and a nonzero degree map f : Mi N such that: 

(i) Vol(M,) = deg(/)Vol(A^), and 

(ii) f induces a finite covering between l-L{Mi) and TL{N), and 

(Hi) for any geometric component Q in N* the preimage f^^(Q) is a canonical sub- 
manifold of M. 

Remark 3.5. It will follow from the proof of Lemma 1341 that if Q is a Seifert piece of 
N then /"^{Q) is a graph submanifold of Mi and if Q is a hyperbolic piece then each 
geometric component of f^^{Q) is a hyperbolic piece of Mi. 

Recall that in |S3 Key Lemma], T. Soma proves the following result for complete finite 
volume hyperbolic 3-manifolds without any condition on the Gromov simplicial volume: 

Lemma 3.6 (T. Soma). Any closed orientable 3-manifold M admits a finite set T = 
{Fi, Fn} of 3-manifolds such that for any closed Haken manifold N dominated by M 
then any component H of'H{N) is properly dominated by at least one element Fi of T. 

Since a closed Haken manifold contains at most finitely many canonical submanifolds 
then point (iii) of Lemma I34I gives a version of Lemma l3T6l for Seifert fibered manifolds 
with an additional condition on the Gromov simplicial volume. First of all, note that in the 
proof of Lemma 13341 as well as in the proof of Lemma l3T6l it can be shown that there are 
no loss of generality assuming that M is a closed Haken manifold. With this assumption, 
recall that the proof of Soma of Lemma 13.61 uses the geometry of the hyperbolic space 
and in particular the isotropy of hyperbolic geometry is crucial for "locally hyperbolizing" 
certain simplicial subcomplexes of M. This method can not be adapted in the Seifert case 
since the geometry is not isotropic (indeed there is an invariant direction corresponding to 
the Seifert fibration). 

In the proof of Lemma 13741 the condition on the Gromov simplicial volume is essen- 
tial. More precisely the proof of Lemma 13.41 is based on the observation that when 
Vol(M) = deg(/)Vol(A'') then we can "control" the "essential part" of /^^(Tat). Ac- 
tually one can show, up to homotopy, that this essential part is a subfamily of Tm which 
is crucial in our proof since this ensures that the genus of the essential components of 
/^^(Tjv) is bounded independently of N . This control can not be accomplished when 
Vol(A/) >> deg(/)Vol(A^). Indeed, consider for example a degree one map from a 
closed hyperbolic 3-manifold M to a graph manifold (this kind of example can be built 
by taking a hyperbolic nul-homotopic knot A: in a graph manifold N and by gluing a solid 
torus along d{N \ k) in such a way that the resulting manifold AI is hyperbolic, then the 
degree of the canonical decomposition map f : AI N is one, see LB W.I for details on 
this construction). In this case one can clearly not control the genus of the components of 
f-HTN). 

The family H of Haken manifolds in Lemma l3!4l comes from a finite family of canonical 
submanifolds A of AI after some Dehn fillings. Note that to get a family A of Haken 
manifolds whose elements satisfies conditions (i), (ii) and (iii) one can use a construction 
of Rong in |Ro2J. But this construction does not guarantee the finiteness of the family 
A (actually the construction of Rong does not allow to control the slopes of the Dehn 
fillings performed along the components of A to obtain A). Thus we have to modify 
this construction to avoid this problem. To this purpose we will define and construct the 
maximal essential part of M (see Section 5.3). 
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3.2. Second step: Control of the sewing involutions of the targets. In this step we 
complete the proof of Proposition l3.2l Thus the key result of this section states as follows. 

Proposition 3.7. Let M be a closed orientable 3-manifold and let d be a strictly positive 
integer. Let Ni be a sequence of weakly equivalent non- geometric closed Haken manifolds 
such that there exists a degree-d map gi'. M —>■ Ni satisfying Vol(M) = deg{gi)Yol{Ni). 
For each i G N, we denote by Si : dN* — + dN* the sewing involution corresponding to 
Ni. Then the sequence {{N* , Si), i 6 N} is finite, up to equivalence of pairs. 

Throughout the proof of Proposition 13.71 we will use the collection of closed Haken 
manifolds H given by Lemma 13.41 Points (i), (ii) and (iii) say that the elements of Ti, 
dominate the manifolds A^/s in a convenient way. Roughly speaking, the core of the proof 
of ProDosition l3.7l is to show that the sewing involution associated to each Haken manifold 
of H does fix the sewing involution Sj which produces Ni from N*. Note that in this step 
the condition on the Gromov simplicial volume is still crucial in our proof. 

3.3. Organization of the paper. This paper is organized as follows. Section 4 is devoted 
to the statement of a mapping result for maps from Seifert fibered spaces to Haken mani- 
folds. This result has only a technical interest and will be used in Sections 5 and 6. Section 
5 is devoted to the proof of Proposition 13 .31 and in Section 6 we prove Proposition l3.7l to 
complete the proof of Proposition |^| Section 7 is devoted to the proof of Theorem ll.il 
which is a consequence of Theorems ll.2l and ll.3l 

4. On the Characteristic Pair Theorem of W. Jaco and P. Shalen 

We start by recalling a main consequence of the Characteristic Pair Theorem of W. Jaco 
and P. Shalen (see [JS^ Chapter V]) which allows to control a nondegenerate map from 
a Seifert fibered space into a Haken manifold. We first give the definition of degenerate 
maps in the sense of W. Jaco and P. Shalen. 

Definition 4.1. Let (5, F) be a connected Seifert pair, and let {N, T) be a connected 3- 
manifold pair A map / : (S*, F) {N, T) is said to be degenerate if either 

(0) the map / is inessential as a map of pairs, or 

(1) the group Im(/, : ttiS t:iN) = {!}, or 

(2) the group Im(/, : ttiS ttiN) is cyclic and = 0, or 

(3) the map /I7 is homotopic in iV to a constant map for some fiber 7 of {S, F). 

Then the Characteristic Pair Theorem of Jaco and Shalen implies the following result. 

Theorem 4.2. [Jaco, Shalen] If f is a nondegenerate map of a Seifert pair {S, 0) into a 
Haken manifold pair [M, 0), then there exists a map fi of S into M, homotopic to f, such 
that fi{S) C int(E(A/)). 

The purpose of this section is to give a kind of mapping lemma for a certain class of 
degenerate maps. More precisely we show here the following result which will be used in 
the proof of Theorem ll.2l 

Lemma 4.3. Let / : M ^ N be a map between closed Haken manifolds and suppose 
that N is non-geometric and contains no embedded Klein bottles. Let S and S" be two 
components of S{M) which are adjacent in M along a subfamily T ofTM. Assume that 
S and S' satisfy the following hypothesis: 

(i) /(S") C int(i?'), where B' is a component of Y,{N), and 

(ii) f*{ts) 7^ 1, where ts denotes the homotopy class of the regular fiber of S. 
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Then there exists a component B of T.{N), with regular fiber h, and a homotopy 
(/t)o<t<i which is constant outside of a regular neighborhood of S such that fo = f 
and fi{S) C int(i?). Moreover if (/i)*(is) not conjugate to a non-trivial power of h 
then one can choose B = B' and thus fi{S Ur S') C mt{B'). 



ts 



f 



B' 



h' 



Proof. Let T be a canonical torus of M such that T G dS fl dS' and denote by ts the 
regular fiber of S represented in T. It follows from the hypothesis of the lemma that there 
exists a Seifert piece B' of S(7V) such that f{S') C B' and thus /*(is) € ttiB' \ {!}. 
Fix a base point x in T, in such a way that the groups ttiS and ttiS' are always considered 
with base point x and denote hy y — f{x) a base point in B' . 

Case 1. If /*(7riS') is nonabelian, since f*{ts) 7^ {!}, then f\S: S ^ N is a nonde- 
generate map. Hence the Characteristic Pair Theorem implies that there exists B € S(A^) 
such that f{S) C int(i?). Moreover since /*(7ri5) is nonabelian then /♦(^s) has non- 
abelian centralizer and lIJSl Addendum to Theorem VI. 1. 6] implies that f^,{ts) G (h), 
where h denotes the regular fiber of B. This proves the lemma when (tti S) is non- 
abelian. 

Assume that {ttiS) is abelian. Since tti is torsion free, and since N is an aspherical 
3-manifold then the subgroup /♦(ttiS') of ttiA^ must have cohomological dimension at 
most 3 and thus it is isomorphic to either Z or Z x Z or Z x Z x Z. The case Z x Z x Z 
is excluded since A is a non-geometric closed Haken manifold. 

Case 2. Thus assume first that /»(7ri5) ~ Z x Z. In this case f\S: S — > A^ is 
still a nondegenerate map and the Characteristic Pair Theorem implies that there exists 
component B G 2](A^), with regular fiber h, adjacent to B' in A^ such that f{S) C int(i3), 
after a homotopy on /. Suppose that /»(ts) ^ (h)- Thus by iJsl Addendum to Theorem 
VI. 1. 6] we know that the centralizer (is)) of /*(ts) in Tri{B,y) is necessarily 

abelian. Let c be an element of niS. Then /*(c) £ Z^TTi{B,y){f*{ts))- Denote by h' the 
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regular fiber of B' represented in a component of B B' in such a way that 

h' e7TiiB,y)n7riiB',y) 

Since f*{ts) e Tri{B',y) D T:i(B,y) (recall that ts G t:i{S,x) n 7ri(S",a;)) then h' 
commutes with /*(ts) and since h' G 7ri(_B', ?/) n 7ri(_B, then h' G Z\^-^(^B,y){I*{is))- 
Thus, since Z\^^(^B.y){f*{is)) is abelian this implies that /*(c) G Z{h'). Since c is an 
arbitrary element in TTi 5* then /*(7riS') C Z{h'). This implies that /*(7ri 5) is conjugate to 
a subgroup of 7ri(_B', y). Then after a homotopy on / we may assume that /(S*) C int(i?'). 
This prove the lemma when /♦(ttiS') ~ Z x Z. 

Case 3. Assume now that /^.{ttiS) ~ Z. Then there exists an element c G 7ri5 such that 
f*{TTiS) = (/*(c)} and in particular there exists n G Z* such that (is) = (/*(c))". In 
the following [a, b] denotes the commutator of a and b. Since in this case the Characteristic 
Pail Theorem does not apply, since 5 —> TV is a degenerate map, we first prove that 
there exists B G S{N) such that f{S) C int(i3), after a homotopy on /. 

Subcase 3.1. Assume that [/*(c), h'] = 1. In this case /*(c), and hence /♦(vriS'), is in 
the centralizer of h' and thus one can deform / on a regular neighborhood of S such that 
f{S) C int(i?'). 

Subcase 3.2. Assume that [/*(c),/i'] ^ 1. Since /*(c) and h' are in the centralizer 
Z{f*{ts)) of f^.{ts) then the group Z{f^,{ts)) is non-abelian. Then by |JS Addendum 
to Theorem VI. 1. 6] we know that /*(ts) is conjugate to a power of the regular fiber h of 
a Seifert piece B of S{N). Thus one can deform / on a regular neighborhood of S such 
that f{S) C int(i?). Note that since a power of /*(c) lies in (h) then by |JS Lemma 
II.4.2], /*(c) = c"% where Ci denotes the homotopy class of an exceptional fiber in B and 
a, G Z*. 

To complete the proof of the lemma in Case 3 it is sufficient to apply the same argument 
as in case 2. 

□ 

5. Control of the geometric pieces of the targets 

This section is devoted to the proof of Proposition 13. 31 To this purpose we first give 
a proof of Lemma 13741 Let M be a closed orientable 3 -manifold and let /: M ^ N 
be a nonzero degree map into a closed non-geometric Haken manifold which contains no 
embedded Klein Bottles such that Vol(A/) = deg(/)Vol(A^). First we claim that to prove 
Lemma 13741 there is no loss of generality assuming that M is a closed Haken manifold. 
Indeed, consider the Milnor decomposition of M into prime manifolds M — MijJ...jJMfc 
(see |M|). Since tt2{N) is trivial, there exists, for each i G {1, fc} a map fi : Mi N 
such that dcg(/i) + ... + deg(/fe) = deg(/). Note that when deg(/i) ^ then Mi is 
necessarily a closed Haken manifold. On the other hand if \o\{M) — deg(/) Vol(A^) then 
the Cutting of Theorem of M. Gromov, (GJ, implies that there exists i G {1, k} such 
that fi'. Mi N has nonzero degree and satisfies Vo\{Mi) = deg(/i)Vol(A^). Then 
from now one we assume that M is a closed Haken manifold. 

5.1. A convenient alternative to Lemma 1^131 

5.1.1. Sections of Seifert fibered spaces. Let S be an orientable x R-Seifert fibered 
space with non-empty boundary and orientable basis B. Then the Seifert fibration of 
S is unique and we denote hy ij: S B the canonical projection map. If S has 
exceptional fibers Ci,...,Cr, let Di,...,Dr be pairwise disjoint 2-cells neighborhood 
of r)lCi),...,r]{Cr) in int(B). Let B' ^ B \ uant(A) and S' = V^^{B'). Then 



9 



7^1 5": 5" B' is the orientable circle bundle over B' and since B' is orientable then 
S' = B' X S^. Choose a cross section so : B' ^ S' of the circle bundle. We may choose 
standards generators of dS', with respect to this choice of a cross section, in the following 
way. Denote dS' = dSU UiU ...UUr where Uj — drj^^{Dj). Then for each component 
Uj (resp. Ti of dS) we choose generators t, qj (resp. t, 6{S, Ti)) where t is represented 
by a regular fiber and qj (resp. 5{S, Ti)) is the boundary curve of the cross section sq in 
Uj (resp. in Ti). In the following the curve S{S, Ti) will be termed a section of Ti (with 
respect to the Seifert fibration of S). Notice that if we replace the section sq by an other 
one s: B' ^ S' then the section (5(5, Ti) of Ti is replaced by 5{S, Ti)t"', to G Z. 

5.1.2. Dehn fillings. Let Q be a compact oriented three manifold whose boundary is made 
of tori Ti, Tfc. For each i = 1, fc we fix generators li, rrii of iriTi. Let V^, be the 
subset of = C U {oo} defined by 

V. = {ip,q)eZx Z, gcd(p, q) = l}U {oo} 

where gcd(p, q) denotes the greatest common divisor of p and q. We will denote by 
Qdi,...,dk 3-manifold obtained from Q by gluing to each Ti, i — l,...,k, a solid 
torus X identifying a meridian m = {zq} x dD^ with pili + qiirii when 
d-i = {Pi,qi) G 7^* \ {oo}. When di = oo the torus Ti is cut out. On the other hand 
recall that the manifolds obtained in this way depend, up to diffeomorphism, only on the 
pair of integers {pi, qi) with gcd{pi, qi) — 1. Let AI be closed Haken manifold. From now 
on we adopt the following convention. 

For each T in dS{M) we fix a Seifert fibered space S adjacent to T and a basis (/it, St) 
of 7ri(r) where hx corresponds to the generic fiber h{S) of S and St is a section S{S, T) 
of T with respect to the Seifert fibration of S as defined in Paragraph 4. L L If 5 is adjacent 
to a Seifert fibered space S' along T we denote by {h{S'), S{S' , T)) an other basis for ttiT 
with respect to S' in the same way as for S. We denote by — {o-t, ^t) the element of 

such that h{S') — aTliT + bT^T- Note that 6t 7^ by the minimality property of Tm- 
Denote by the finite subset of V^, defined by 

T'" = {(aT,foT),T e \95(M) na?^(M),(l,0)} 

Then to prove Lemma l34l it is sufficient to state the following result. 

Lemma 5.1. Let M be a closed Haken manifold and let N be a closed non-geometric 
Haken manifold that contains no embedded Klein bottles. If f : M ^ N denotes a nonzero 
degree map satisfying Vol(Af ) = deg(/) Vol(-/V) then there exists a canonical submanifold 
Gn of M whose boundary is made of some components of dS{M) \ dS{M) n dTL{M) 
and such that ifTi, Tfe denotes the components of DGn then there exists c?i, dfe in 
satisfying the following properties: 

(a) (Gjv)di,...,dfc is a closed Haken manifold, and 

(b) there exists a nonzero degree map g: {GN)di,...,dk N satisfying points (i), (ii) 
and (Hi) ofLemma \3.4\ 

5.2. Non-zero degree maps preserving the Seifert part of tlie domain. In this sec- 
tion we prove that Lemma l5Jl is true for non-zero degree maps f : M N such that 
Vol(M) = deg(/)Vol(7V) and satisfying /(5(M)) C int(5(Ar)). 

Lemma 5.2. Let f : M N be a nonzero degree map between non-geometric Haken 
manifolds such that Yo\{M) = deg(/)Vol(iV). If f{S{M)) C mi{S{N)) then there 
exists a map homotopic to f which satisfies the conclusion ofLemma \3.4\ 



10 



PIERRE DERBEZ 



Proof. First of all note that using the construction of T. Soma in (S.IJ one can modify / 
by a homotopy fixing f\S{M) in such a way that f{n{M), dH{M)) C {n{N),dH{N)) 
and f\H{M) : n{M) H(iV) is a deg(/)-fold covering. 

Let T G T/v- Using standard cut and paste arguments and the fact that dS{M) and 
d'H{M) are incompressible we can modify / by a homotopy fixing f\S{M) U TL{M), so 
that is a collection of 2-sided incompressible surfaces in M. Since f^^{T) C 

M \ {S{M) U H{M)) it must be a union of parallel copies of some tori in T^j x (—1, 1). 
We can arrange / in its homotopy class so that for any U £ Tm, a regular neighborhood 
U X [—1, 1] of U contains at most one component of f^^{T). Indeed, suppose that X and 
X' are two consecutive components of f^^{T) D {U x [—1, 1]). Then X and X' bound a 
region Q inU x [—1,1] which is homeomorphic to x x / and there is a Seifert piece 
B in S{N) so that /(Q, dQ) C {B, dB). Then by fRo? Lemma 2.8], f\Q is homotopic, 
mod. dQ, to a map /i such that fi{Q) C dB, unless i? ~ x x / which is excluded 
since N is not a geometric 3-manifold. So we can eliminate X and X' by pushing Q 
into N — B. After repeating this operation a finite number of times we may assume that 
f~^{T) n (t7 x [—1, 1]) has at most one component. 

Note that since / : M N \s a. non zero degree map then /,(7riM) has finite index 
in TiiN and thus for any S in S{N) there exists at least one component of S{M) which 
is sent into int(S') via /. So f^^{S) consists of some components of S{M) union some 
Tx [-1, 1] for T in Tm (precisely when /-i(rAr)n(rx [-1, 1]) = 0). So each component 
of f^^{S) is a canonical graph submanifold of M. This proves Lemma l5T2l □ 

5.3. Proof of Lemma ISJl the general case. We first reaHze a kind of factorization on 
the map / which is inspired from a construction of Y. Rong in |Ro2 1 to have a reduction to 
the case of Lemma l?!2l If S* is a component of S{M) we denote by ts the homotopy class 
of the regular fiber in S. Let Bq be the union of all S in S{M) such that f\S is degenerate 
in the sense of Definition l4.1l If /|5 is a degenerate map then either 

Case 1 /,(7riS') = {1} or. 
Case 2 /, (tti S) — Z or. 

Case 3 Since 7ri(A^) is torsion free, (/IS*)* : 7ri5 ttiN factors through niV, where V 
is the base 2-manifold of the Seifert fibered space S. 

Set Go = M — Bq. Define a subset of Bq by setting 

Sq = {S e Bq \ [Bq n Tm) s.t. S is adjacent to Go and /,(ts) 7^ 1} 
and set Bi = Bq — Sq and Gi = M — Bi. We continue this process by setting 

Si = {S eBi\ {Bi n Tm) s.t. S is adjacent to Gi and f^tg) ^ 1} 

to construct an increasing sequence Go C Gi C ... C Gi C Gi+i C ... of canonical 
submanifolds of AI. We claim that this sequence satisfies the following conditions: 

(1) the number of connected components rii of Gi satisfies n^+i < Ui, 

(2) for any i, int(Gi) contains n{M) and f\dn{M): dn{M) ^ TV is a non- 
degenerate (i.e. TTi-injective) map, 

(3) for any i there exists a non-zero degree map (3i : Gi ^ N such that deg(/3i) = 
deg(/), where Gi denotes the space obtained from Gi after performing some Dehn 
fillings along the components of dGi. 

For this reason Gi is called an essential part of M with respect to /. We define an integer 
uq by setting: 

uq — min{n > such that G,i = G„+i} 
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Figure 1 . Essential submanifold Go of M with respect to / : M N 



We prove point (3) for Gn„ which will be termed a maximal essential part of M. The 
proof for the Gi C Gn„ works in the same way and the proof of points (1) and (2) follows 
directly from the construction and from the equality Vol(M) — deg{f)Vo\{N) (see HSU 
Lemma 2]). Denote by Bz the subset of G„„ \ (G„o n Tm) which consists of the Seifert 
fibered spaces which are degenerate under /. Note that it follows from the construction 
that for any S in Bz, /♦(vriS') is necessarily infinite cyclic. Set B = Bq — Bz- We have 



Let Q be a geometric piece in Gno such that dQ n 9G„„ ^ ^. Then it follows from the 
construction that Q is a Seifert fibered space and it is adjacent along each component of 
dQ n dGno to a degenerate Seifert piece in M whose fibers are sent trivially in tti A^. For 
any S in B, define a group tt^ to be 

Case 1 {1} or. 
Case 2 Z or. 
Case 2> -KiV 

and a three dimensional space Ds = K{t^s, !)■ Since Ds and N are both Kin, 1) there 
exist maps a : S ^ Ds and (3 : Ds N such that /|5 is homotopic to /3 o a and 
satisfying the following convenient conditions: for each T C dS, let {A, /i} be a base 
of TTiT with a, (A) = L Note that it follows from the construction that for any T in 
dB = dGno then A — hs{T), where S is the Seifert fibered manifold of B containing T in 
its boundary and where hs [T) denotes the regular fiber of S represented in T. Parametrize 
T by T Si X Si with [S^ x *] = A and [* x S^] = /x. Then a{x,y) = ai{y) for 
some embedding ai : S^ Ds- Denote the knot ai(Si) by /y. We may also assume 
that Iti n =0 for different components Ti and T2 of dS. We extend the homotopy on 
f\S over M, we replace / by the new map and we do this for each component S of B. Set 
Db = Uses ^s- Then the following diagram commutes: 




Db 

Let G„„ be the closed 3-manifold obtained from G„„ by attaching a solid torus Vt to Gna 
along each component T of 9G„o = dB so that the meridian of Vt is identified with the 
curve A defined above. Let I'j, be the core of V which has the same orientation as /i. Let 
X = Db^t Gno where r identifies each Itvi\Db with I'rp in Gna (preserving orientation). 
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Define a. : Gno — > G„q = Guq ^TedG„g Vt to be the map such that 

C^IGn,-, \ dGng ■ Gno \ 9G„o > Gno \ UZj^ 

is a homeomorphism and each T C dGng is sent onto lip. Now the map a : M — 
B U Gno ^ is a well defined continuous map. Since a\Gno \ dGno ■ Gng \ dGno ~^ 
G„o \ ^I't is a homeomorphism we can define P\Gno \ ^I't = f ° o^Ta ,/ ■ So we get 
a map (3 : X ^ N such that the following diagram commutes: 

M^BU Gno ^ N 

Q ^^^^ 

X = Db Gno 

More precisely let Ti, T; be the components of dGno ~ ^'^'^ let ^i, S"; (resp. 
i?!, ...jBi) be the Seifert pieces (not necessarily pairwise distinct) in Gno (resp. in B) 
such that for each i ~ 1, Bi and 5^ are adacent along T^. Denote by 

{h{B,),5{B,,Ti)) resp. {h{Si),5{S,,T,)) 

a system of generators of ttiT^ where h{Bi) (resp. h{Si)) denotes the generic fiber of 
Bi (resp. Si) represented in Ti and 6{Bi,Ti)) (resp. 6{Si,Ti))) is a section of (with 
respect to Bi, resp. 50 as defined in Section 4.1.1. We know from the construction that 
f*{h{Bi)) — 1. Let (flTi {Si), {Si)) denote the element of "P* such that 

h{B,) = aT^{S,).h{S^) + bTdS^).S{S^,T,) 

If (/it.,<5t.) = {h{B,),S{B„T,)) we set - (1,0) G and if (/it. , <5t, ) = 
(/i(5,), (5(5„ T,)) then (ot. (^0, ^'t. (5.)) = (ot. , 6tJ G and we set d, = (ar. , 6tJ e 
(see paragraph 4.1.2 for the notations). Thus we get Gno — {Gna)di....,dr Denote 
by /i the map (3 o i: Gno ^ ^ where i : Gno X is, the inclusion. Note that since 
H3{Db) ~ then a Mayer Vietoris argument shows that /i is a non-zero degree map 
equal to deg(/). 

Remark 5.3. Let G^, G™ be the components of Gno - Up tore-indexing we may assume 
that there exists 1 < u < m such that deg(/i|G') ^ for i = I, u and deg(/i|G') — 
for i = u + 1, m. Set G = G^ U ... U G". There is no loss of generality assuming that 

Gno ~ G. 

Thus to complete the proof of Lemma l^Tl it remains to check, in view of Lemma l5^ 
the following claim. 

Claim 5.4. The space Gno ^ Haken manifold and the map fi : Gno — ^ ^ satisfies 
Vol(G„(,) = deg(/i)Vol(A^). Moreover there exists a map g : Gno ~^ ^ homotopic to fi 
such that g{S{Gno)) C ini{S{N)). 

Proof of Claim. Each component G' of Gno -^^i = (-^i)di,--<i where Mi is a union 
of some hyperbolic pieces and some Seifert fibered pieces of M connected by some T x I 
in Tm X /. Note that it follows from the construction that for each i the minimal torus 
decomposition of Mi gives in an obvious way the minimal torus decomposition of G' = 
Mi in the sense that there exists a subfamily T of Tm H int(G„„) such that a{T) = 7a 

(recall that a|G„o \ dGno • Gno \ dGno ~^ G„o \ Ulip is a homeomorphism). We describe 
precisely the torus decomposition of Gno ■ 
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Figure 2. Maximal essential submanifold G = Gng of M 

Case 1: Let 5 be a component of S{M) n Gna such that dS n dGna 7^ 'ind such that 
/IS* : 5 — > iV is a non degenerate map. Set S = a{S) in Then S admits a Seifert 
fibration which extends that of S" C G„q and S is nothomeomorphic to a solid torus, 95* (if 
non empty) is incompressible and fi\S : S ^ N isa non degenerate map. Indeed let T be 
a component of dS fl dGno and let A be the primitive curve of T defined as before. Since 
A is not a fiber of S, by the definition of non-degenerate maps, then the Seifert fibration 
of S extends to a Seifert fibration of S Ux=m Vt, where Vp denotes a solid torus glued 
along T by identifying A with the meridian m of Vr- Now since 7ri(S') = niS/ (A) maps 
onto TTiS*/ ker(/*) ~ f*{TTiS) which is not cyclic by the definition of non-degenerate 
maps, then S is not a solid torus and so dS is incompressible. Moreover notice that if a 
torus T connects two non-degenerate Seifert piece Si and S2 in Mi then T also connects 
a{Si) = Si and a{S2) = S2 and the fibers of and S2 do not match up along T and 
tilUS T GTr, . 

Case 2: Consider now the case of a component S of Gno ni?z such that dSndGno 7^ 
and denote by /i the regular fiber of S and set S = a{S). Since f*{h) 7^ 1 in TTiiV then the 
same argument as before implies that the Seifert fibration of S extends to a Seifert fibration 
of S. But since (tti (S)) = Z then S can be homeomorphic to a fibered solid torus. 

If S* is a solid torus Vt then this means that 5* has a single component T in int(G'„„) 
and dS — T is adjacent to Seifert fibered pieces in B. Let S' be the Seifert fibered piece in 
Gno which is adjacent to S along T. It follows from the construction that the regular fiber 
of S" = a(S') represented in T is not free homotopic to the meridian of dS = T = dVr- 
Consider the space S = S' Ut S . Thus the Seifert fibration of S" extends to a Seifert 
fibration of S. If S is not a solid torus then dS is incompressible and we have a reduction 



T3 
T4 
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to the first case. This is true in particular when /|S" : 5' — > iV is a non-degenerate map. 
If S is still a soUd torus then we reiterate the same process. This process must stop. To see 
this it is sufficient to check the following 

Claim 5.5. //G" is a component ofGn,, which is sent via fi into N with non-zero degree 
then G* contains at least one non- degenerate Seifert piece. 

Proof of Claim \5~5\ Suppose that each Seifert piece of is degenerate under /i |G\ Then 
each Seifert piece S of G* satisfies (/i)*(7riS') ~ Z by the construction. This implies, 
using condition (2), that G* is a graph manifold and that the canonical tori of G' are de- 
generate under /i. Now, since /i|G' : G' — > iV has nonzero degree, then using the same 
construction as above, one can show that there exists a Seifert fibered space S, obtained 
from a Seifert piece S in G* after Dehn filling, and a nonzero degree map /i : S ~^ N such 
that fi\S ~ /i o a, where a: S ^ S denotes the canonical quotient map. Since /i has 
nonzero degree and since (/i)* (TriS*) is cyclic this means that TTiiV contains a cyclic finite 
index subgroup. This is impossible since iV is a non geometric closed Haken manifold. □ 

This proves that G„q is still a Haken manifold with a torus decomposition induced from 
that of M. Moreover : 

Vol(G„J > deg(/i)Vol(iV) = deg(/)Vol(7V) - Vol(Af) 

and by condition (2) 

Vol(G„J = Vol(G„„ n n{M)) = Vol(int(H(M))) = Vol(Af) 

thus Vol(G„o) = deg(/i)Vol(A^). Applying Theorem 14.21 to the set of non-degenerate 
Seifert pieces 5o(G„o) of Gna we may assume after a homotopy supported on a regular 
neighborhood of 5o(G„q) that /i(iSo(G„o)) C int(iS(A^)). Let 5 be a degenerate Seifert 
piece in Gno adjacent along a canonical torus T to an element S" in iSo(G„g). After a 
homotopy on a small regular neighborhood of S we may assume, by Lemma |431 that 
f{S) C mt{S{N)). Since each component G* of G„„ satisfies deg(/i|G^ : G' N) ^ 
(see Remark lSJt then it contains some non-degenerate Seifert fibered pieces and thus we 
may assume by repeating our argument that /(Sz) C mt{S{N)). Hence /i(iS ((?„„)) C 
int(5(-/V)). This ends the proof of Claim|^3and completes the proof of Lemma l5.1l The 
proof of Lemma l34l follows directly from Lemma l5?T] □ 

5.4. Proof of ProDOsition l3.31 Let (iVi)igN be a sequence of non-geometric closed Haken 
manifolds such that for each i e N there exists a degree-d map : M ^ Ni with 
Vol(Af) — deg((7i)Vol(iVi). Throughout the proof of Proposition 13.31 one can assume, 
without loss of generality, that the targets satisfy the following condition: 

(III) for any i G N, each Seifert piece of A^^ has orientable orbifold base and admits an 
X R-geometry. 

Indeed, let A^^ denote a non-geometric closed Haken manifold and let 5* be a Seifert 
piece of Ni \ T^. . Notice that since Ni is non-geometric then S has non-empty boundary. 
If S does not admits an x R-geometry this means that x{S) > 0, where denotes 
the Euler Characteristic of the base 2-orbifold of a Seifert fibration on S. Since dS is non- 
empty and incompressible then 5* is a Seifert fibered space over the disk with exactly two 
singular fibers of type (2, 1) which is homeomorphic to the orientable S^-bundle over the 
Moebius band. 

If 5 is a geometric piece of Ni with a Seifert fibration over a non-orientable orbit surface 
then S has a double cover S corresponding to the orientation double cover of its orbit 
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surface. Note that this double cover is trivial on the boundary and thus the components 
of dS lift to this cover. Then by taking a copy of this double cover for each component 
of S{N) that admits a Seifert fibration over a non-orientable surface, taking two copies of 
each component otherwise and identifying these along their torus boundary via the sewing 
involution between the components of Ni \ T^. (since the boundary components of each 
component of Ni \ T^. lift then so do the sewing involution) we obtain a double cover 
Pi: Ni —> Ni satisfying condition (III) above. Note that when 5 is a Seifert fibered piece 
of Ni then, either 

(a) x{S) < 0, S has an orientable orbit space and it is covered by exactly two compo- 
nents Si, S2 in Ni and pi\Sj is the identity, j = 1, 2, or 

(b) x{S) < 0, S has a non-orientable orbit space and it is covered by exactly one 
component S in Ni and pi\S is the double cover corresponding to the orientation double 
cover of the orbit surface of S, or 

(c) S is the orientable S^-bundle over the Moebius band and it is covered by a compo- 
nent S of I](iVi) homeomorphic toS^ xS^ x I that can be seen as a regular neighborhood 
of a component of Tjy (since Ni is non-geometric) and pi\S is the double cover corre- 
sponding to the orientation double cover the orbit surface of S. We have to check the 
following claim (notations are the same as above). 

Claim 5.6. If the family {Ni,i G N} is infinite, up to homeomorphism, then so is the 
family {Ni,i & N}. 

Proof. Suppose the contrary. Then we may assume, passing to a subsequence, that the 
family {Ni,i G N} contains a unique element N and that the family {Ni,i G N} is 
infinite up to homeomorphism. First notice that the number of connected components 
of T/Vi is bounded by that of T^. On the other hand, each geometric component of Ni 
is finitely covered, via pi, by a component of S(iV). Hence, by Corollarv II .41 we may 
assume, after passing to a subsequence, that the * 's are homeomorphic. For each i e N 
we denote by Si the sewing involution that produces Ni from * . Let ^ be a component 
of N* and let Q{A)i be a component of E(iV') that covers A. Passing to a subsequence we 
may assume that Q{A)i is independant of i g N and we denote it by Q{A). Let Ta be a 
component of dA and let Ta ~ {Ua, Ua} denote the components over Ta in dQ{A) 
(again we may assume that Ta is independant of z G N). It follows from points (a), (b) 
and (c) of the construction that pi\Q{A) : Q{A) — > ^ is either the identity or the double 
cover corresponding to the orientation double cover of the orbit surface of A according to 
whether A has an orientable orbit space or not. This shows that if I denotes a simple closed 
curve in Ta then {{pi)*{l), i G N} generates only one isotopy classe of curves in Ta- This 
proves that there is only one isotopy classe of sewing involutions Si when i G N. Then the 
family {Ni, i G N} is finite up to homeomorphism, which gives a contradiction. □ 

Since the maps g^'s are degree-c? maps then by Proposition 12.11 the index of 
{gi)^^ (TTiNi) in ttiM takes at most finitely many values. Let Mi be the finite cover 
of M corresponding to {gi)Z^{'^i^i) ^nd let g^: Mi — > Ni be the nonzero degree 
map that covers : M — > Ni. Since any finitely presented group has only finitely 
many subgroup of given index then there are only finitely many homeomorphisms types 
among AT when z G N. On the other hand, if deg((7i)Vol(iVi) — Vol(M) then 
deg(5i)Vol(iVi) = Vol(Mi). Then there is no loss of generality assuming that the tar- 
gets satisfy condition (III). 

Now since the Ni's satisfy condition (III) then the targets contains no embedded Klein 
bottles and one can apply Lemma 13341 to the sequence of degree-d maps gi: M ^ Ni. 
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Hence, possibly after passing to a subsequence, wa can assume that there exists a closed 
Haken manifold Mi which admits nonzero degree maps fi : Mi Ni satisfying proper- 
ties (i), (ii) and (iii) of Lemma 13741 for i e N. 

Note that the Haken number of the Ni's is bounded by that of Mi and then the number 
of connected components of {N* , T^. ) is bounded by a constant which only depends on 
Ml. Then combining Corollary 1 1 .41 with point (iii) of Lemma l34l we conclude that there 
are at most finitely many topological type for N*, when i e N. This completes the proof 
of Proposition l3.3l 

6. Control of the sewing involutions of the targets 

6.1. Statement of the Key Result for the proof of Proposition |3|2l The purpose of this 
section is to complete the proof of Pi'ODOsition l3.2l To do this it remains to prove Propo- 
sition]^] Let d be a strictly positive integer. Let {Ni)i^N be a sequence of weakly 
equivalent non-geometric closed Haken manifolds such that for each i G N there exists a 
degree-d map gi : M ^ Ni with Vol(M) = deg((7i)Vol(iVi). As in paragraph 5.4 one 
can assume that the A'^^^'s satisfy condition (III). Possibly after passing to a subsequence, 
one can assume, using Lemma 13741 that there exists a closed Haken manifold Mi and a 
nonzero degree map fi : Mi Ni satisfying the following properties: 

(i) Vol(A/i) =deg(/,)Vol(iV,), 

(ii) the map fi induces a finite covering between TC{Mi) and Ti,{Ni), 

(iii) for any Q in N* each component of {fi)^^{Q) is a canonical submanifold of Mi. 

Remark 6.1. For convenience one require the following additional condition for point (iii) 
of Lemma l374l Over all maps homotopic to : A/i Ni satisfying point (iii) we choose 
always the maps such that the number of connected components of {fi)~^{Ni) is minimal. 
Since Ni is nongeometric this implies, using Lemma l431 the following property: Let Bi 
be a component of S{Ni) and let Wi be a component of {fi)^^{Bi). Then Wi contains at 
least one geometric piece Qi such that {fi)*{tQi) G {hsi), where tQ- (resp. hsj denotes 
the regular fiber in Qi (resp. in Bi). 

A nonzero degree map between closed Haken manifolds satisfying points (i), (ii), (iii) 
and the minimality property of Remark lOl will be termed on standard form. 

Denote by Qi, ...,Qi the component of the N*'s and by , T^^ the boundary com- 
ponents of Qk, for k — 1, I. Each sewing involutions Si, i G N, induces a fixed point 
free bijection denoted by s* on the set {T^, T,j^ , 1 < fc < ^} by setting 

s* : {v,i) <—>■ {w, j) if Ti is identified with . 

Thus, passing to a subsequence we may assume that 

(IV) for any i, j in N then s* — s*. 

Moreover, throughout the proof of Proposition 13.71 we claim that there is no loss of 
generality assuming that the targets satisfy the following condition: 

(V) any connected component of N*, i G N, has at least two boundary components. 
Condition (V) comes from the following result. 

Lemma 6.2. Let { A^^jigN be a sequence of weakly equivalent non-geometric Haken man- 
ifolds satisfying conditions (III) and (IV). Then there exists an integer d > such that for 
each i G N there exists a d-fold covering pi : Ni — > Ni of Ni such that 

(i) each component of Ni \ Tfj, has at least two boundary components, 

(ii) the family {Ni, i G N} is a sequence of weakly equivalent Haken manifolds satisfy- 
ing conditions ( III) and ( IV), 
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(Hi) if the family {Ni, i G N} is infinite, up to homeomorphism, then so is {Ni, i £ N}. 

We will use the following terminology for convenience. Let T he a 2-manifold whose 
components are all tori and let m be a positive integer A covering space T of T will be 
termed m x m-characteristic if each component of T is equivalent to the covering space 
of some component T of T associated to the characteristic subgroup H„i of index m x m 
in TTiT (if we identify ttiT with Z x Z then = mZ x mZ). 

Proof of Lemma W^ Since {-/VijigN is a sequence of weakly equivalent non-geometric 
closed Haken manifolds then N* is homeomorphic to N* for any i,j G N. Then we 
denote by Qi, ...,Qi the component of N*, i E N. Since each Ni satisfies condition 
(III) then using Theorems 2.4 or 3.2 of |L|, according to whether Qj is Seifert fibered 
or hyperbolic, we know that there is a prime q such that for every j — there 
is a finite regular covering pj : Qj Qj such that for any component T of dQj then 
(pj)^^(T) consists of more than one component and for any component T of dQj over 
T then Pj\T : T ^ T is the q x g-characteristic covering. Denote by rjj the degree of 
Pj'- Qj ^ Qj- Then (pj)^^(T) consists of exactly rfj/q"^ > 2 copies of a torus. Let 
TO = l.c.m. {rji/q'^, ...,rii/q^). Take tj — m/{rjj/q'^) copies of Qj,j = and glue 

the component of IJj=i ; (Ui t Qj) together via lifts of the sewing involution Si of Ni in 
the following way: let T be a component of dQj and T' be a component of dQk such that 
T is identified to T' in N, via s,\T: T T' . Note that by Condition (IV), the couple 
(T, T') does not depend on i g N. Let f , T" be components of (pj)"i(T), (pfe)^i(T'). 
Since Pj\T: T ^ T and Pk\T' : T" — > T' are both the q x ^-characteristic covering then 
there is a sewing involution Si such that Si\T: T ^ T' covers Si\T: T — > T' . This gives 
a finite covering Ni of Ni satisfying properties (i) and (ii). To check property (iii) it is 
sufficient to apply the same kind of arguments as in the proof of Claim lsTSI □ 

Then, to complete the proof of Proposition 13 .71 we first state the following technical 
key result which shows that the sewing involution of the domain "fix", in a certain sense, 
the sewing involution of the targets. This result combined with Lemma l6T6l ( section 6.3) 
ensures the finiteness of the equivalence classes of the sewing involutions of the targets. 

Lemma 6.3 (Gluing Lemma). Let Mi be a closed Haken manifold and let {Ni, i E N} 

be a sequence of weakly equivalent non-geometric closed Haken manifolds satisfying con- 
ditions (UI), (IV), and (V) such that there exist nonzero degree maps fi: Mi — > Ni on 
standard form satisfying Vol(Mi) = deg{fi)Yol{Ni). Let A and B be two components of 
{N* , Si) such that Si connects a component Ta of OA with a component Tb ofdBfor any 
i G N. Denote by T the component ofT(Ni) obtained by identifying Ta with Tb via Si. 
Then, possibly after passing to a subsequence, the following properties hold: 

(i) if A and B are both hyperbolic pieces of Ni then the maps {si\TA ■ Ta — TsjigN 
are in the same isotopy class, 

(ii) if A and B are both Seifert pieces of Ni then there exists two elements (a, b) and 
(c, c?) of V^:, which depend on T, such that bd ^ and a sequence {(5^}ieN (resp. 
{(5g}igNj of sections for Ta (resp. for Tb), with respect to the Seifert fib ration of A 
(resp. of B) such that 

{si),{hA) = h%{S^sf and {s,).{hB) = h\{5\f 
where Ha (resp. Iib) denotes the regular fiber of A (of B resp.) 

(iii) if B is a Seifert piece and if A is hyperbolic then there exists a basis (Aa, Ma) of 
ttiTa and a sequence {5i,i G N} of sections ofTB with respect to the Seifert fibration of 
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B such such that 

{si)*{\A) = and (sj)*(//a) = 5^ 

for any i G N. 

6.2. Proof of Lemma lOl Denote by T the component of T^. obtained by sewing A and 

Svias.lT^: Ta^Tb- 

Case 1: A and B are hyperbolic manifolds. There exists two components Ha and 
Hb of Ti{Mi) (independant of z S N, possibly after passing to a subsequence) adjacent 
along some components of f['^{T) such that fi\HA '■ Ha A and fi\HB '■ Hb B 
are nonzero degree maps (actually these maps are finite coverings). Possibly after passing 
to a subsequence, we may assume that {fi\HA)^^{TA) is independant of i G N. Denote 
by {Ua, Ua} the component of (/j|i/yi)^^(T^). Then to prove Lemma l63l in the first 
case it is sufficient to show the following result. 

Claim 6.4. Let I be a simple closed curve in Ua and let lip be the simple closed curve in 
Ta such that {fi)*{[l]) G ([^tD- Then the set of curves {lip,i G N} generates at most 
finitely many isotopy classes of curves in Ta- 

I 




fi\HA A Ta 




Proof of Claim W4\ Consider the 3-manifold Ai obtained after performing a Dehn filling 
on A by identifying the meridian of a solid torus with lip and denote by : A Ai the 
canonical quotient map. For each t; G {2, there exists a simple closed curve l\, G U'a 
such that (rj o fi){ll) is nul homotopic in iriAi. Denote by Ha the 3-manifold obtained 
from Ha by performing a Dehn filling along C/4 identifying the meridian of a solid torus 
with I and denote by H^ the 3-manifold obtained from H'^ by gluing p ~ 1 solid tori 
along Ua U ... U Ua by identifying each meridian with II when v G {2, Note that 
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when p = 1 then iJ^ = H\ is independant of i G N. Using the Mayer Vietoris exact 
sequence it is easily checked that fi\HA '■ Ha A induces a proper nonzero degree map 
/i : H\ Ai such that deg(/i) = deg(/i|7?^). Assume that the curves generate 
infinitely many isotopy classes of curves in Ta- Thus when the lenght of the curve lip is 
sufficiently large then the formulae established in | NZ | implies that 



Yo\{Ai) w Vol(yl) - TT 



2 ATa) 
lenght (/|,) 



where A{Ta) denotes the area of the torus Ta with respect to the Euclidean structure 
induced by the complete hyperbolic structure on int(A) and where lenght (/^) is the lenght 
of the curve 1^ on the torus Ta with respect to this Euclidean structure. Then we may 
assume, passing to a subsequence, that {Vol(Ai), i e N} is a striclty increasing sequence 
such that 

lim Vol(A,) = Vol(^) W 

i — ^oo 

and that the ^^'s are complete finite volume hyperbolic 3 -manifolds by the HyperboUc 
Surgery Theorem of W. P. Thurston, fTl]. 

Assume first that p — 1 (i.e. {fi\HA)^^{TA) = U\ is connected). Then the latter 
equality impUes that H^y dominates infinitely many hyperbolic manifolds (these manifolds 
can be distinguished by their volume) which contradicts Corollarv ll.4l When p > 2 then 
consider the following sequence of inequalities which hold for any i G N: 

YoliHA) > Vol(i/^) > YoliH\) > deg(/,)Vol(AO = deg(/,|i7^)Vol(A0 

Since fi\HA- Ha — > A is a finite covering between hyperbolic manifolds then 
deg{fi\HA) is a constant equal to Vo\{Ha) /Vo\{A). Then using equality (★) we have 

lim deg{f,\HA)Yol{A,) = deg(/,|i/A)Vol(A) - YoI{Ha) 

i — >oo 

Hence we get a contradiction. This proves the claim. 

□ 



End of proof of Lemma \6.3\ Point ( i). Choose a basis {XatJIa) of niU\. Since 
fi\HA- Ha — *■ a is a covering then Xa (resp. /i^) can be identified to an element Xa 
(resp. fiA) of ttiTa- Let c G ttiTa be a primitive element. Since fi\HA ■ Ha A is a 
finite covering then there exists an integer n such that c" is a primitive element in hiUa- 
The sewing involution cti in Mi identifies c" with a primitive element I in Ug, where U]^ 
is the component of OHb such that Ug = (Ji{U\). Using Claim lOl then. after passing to 
a subsequence, we may assume that there exists a simple closed curve It in Tb such that 
{fi\H)*{[l]) G ([^t]), when i G N. This proves, possibly after passing to a subsequence, 
that (sj)*(c) — [It\^^ for any i G N, where c is an arbitrary element of hiTa- This 
completes the proof of Lemma lOl point (i). □ 



Case 2: A and B are Seifert Jibe red spaces. Fix a component Q\ of the preimage of A 
such that fi\QA ■ Qa ^ ^ has nonzero degree and let Qg denote the components of the 
preimage of B which are adjacent to along (/i (Ta)- Passing to a subsequence 

we may assume that and Qg are independant of i and we denote them by Qa and Qb- 
Note that, by Remark l331 Qa and Qb are graph manifolds. 
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Si 



f'\HA f,\H^ 



It 



Si\TA 

Ta Tb 



6.2.1. First Step. For convenience, we perform the following modification on Q^i. Let 5^ 
be a Seifert piece of Qb adjacent to Qa along a component of {fi\QA)^^{TA) such that 
{fi)*{hB) ^ (hs), where hg denotes the regular fiber of 5;^ and hs is the regular fiber 
of B. Then by Lemma B31 one can perturb slightly fi by a homotopy, which is constant 
outside of a regular neighborhood of S-^, so that Q^J^ ~ Qa U S*;^ is a component of 
{fi)^^{A). We do that for any Seifert piece 5^ of Qb adjacent to Qa along a component 
of {MQa)-HTa) such that {f^),{h%) ^ (hB). Denote by Q^™ (resp. Q*^"™) the 
new preimage of A (resp. of E). After repeating this process a finite number of times 
we may assume that each Seifert piece W of Q^g™ adjacent to a Seifert piece of (5^"°^ 
along a component of (/i|(5^"°™)^^(TA) satisfies: f^,{hw) £ (^s), where hw denotes 
the homotopy class of the regular fiber in W. Passing to a subsequence we may assume 
that (5^"°" and Q^g^™ are independant of i £ N and we denote them by Qa''" and Q^^ . 
Note that Q^™ / by Remark O Denote by TJ'^^ = {U\, ...,U\} \h& components 
of {h\QA^y^{TA) and by T^™ = {C/^, J/jj} the components of dQf"" adjacent to 
T^™. For each i e {1, I}, choose a simple closed curve in Ug which represents 
the regular fiber of the Seifert fibered space in Tg°^ containing Ug. By construction we 
know that G ([^s]). Using the sewing involution cri of Afi the family of curves 
{tg, ■■■,tg} define a family of curves {c\, ■■■,c\} in TJ^™ defined by = cri(t^). It 
follows from our construction that for any i G N there exists a simple closed curve 11^ in 
Ta such that (,A),([c^]) G ([/^]) forw = 1, andi G N. 

6.2.2. Second Step. Consider the 3-manifold Ai obtained after performing a Dehn filling 
on A by identifying the meridian of a soUd torus with and denote by : A ^ Ai the 
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canonical quotient map. Denote by 'D{Q'^'") the 3-manifold obtained from Q'^^ after glu- 
ing I solid tori along T^™ by identifying each meridian with c\ when v G {1,...,^}. This 
gives proper nonzero degree maps f^ : P((5^™) A,; with dA^ ^ and aP((5^™) ^ 
by condition (V). 

Fix a section 5q on Ta with respect to the Seifert fibration of A. Let {ai,bi) be a 
sequence of coprime integers such that 

l^ = h''^5l\ forieN 

We first claim that the sequence {hi, i e N} is finite. Indeed, if the sequence {bi, i G N} 
is infinite then we get infinitely many pairwise non-homeomorphic Seifert fibered spaces 
{Ai,i G N} properly dominated by 'D{Q'^'"). These Seifert fibered spaces can be dis- 
tinguished, for example, by the order of the exceptional fiber generated by performing the 
Dehn fillings along Ta- This gives a contradiction with Corollarv II .41 since the Ai have 
non-empty boundary with geometry x R. Thus from now one one can assume, passing 
to a subsequence, that hi is a constant denoted by b. 

Consider now the sequence {ai,i £ N}. We know that Ai is homeomorphic to Aj if 
and only if = aj mod (6). Then using the same argument as above, we may assume, 
possibly after passing to a subsequence, that there exists an integer a and a sequence of 
integers of {nii, i G N} such that ai — a + mib, for any i G N. Hence we get 

= = h\5\, for I G N 

where 5i is the section of Ta defined by q — 6ah^\ Thus (si),(/iB) = h'^S^, i G N. 
Notice that 7^ by the minimality property of the geometric decomposition for Haken 
manifolds. The proof of point (ii) of Lemma l631 follows by permuting the role of Qa and 
Qb- Indeed it is sufficient to choose a component of {fi)^^{B) which dominates B and 
to proceed in the same way as above. 

Case 3: B is Seifert and A is a hyperbolic manifold. Let Qs be a component of the 
preimage of B such that /i | Qs : Qb ~* B has nonzero degree and let Q^i be the preimage 
(not necessarily connected) of A which is adjacent to Qb along Tg = (/i|QB)^^(7s). 
Denote by Ta the components of OQa identified with Tb in Mi (as in the paragraphs 
above we can assume that Qa, Qb, Xa and Tb are independant of i G N). Note that it 
follows from Remark l331 that Qa is a disjoint union of hyperbolic manifolds. Moreover 
we may assume, passing to a subsequence that fi\QA ■ Qa ^ are equivalent coverings, 
when i G N. We first state the following technical result. 

Claim 6.5. Let c be a simple closed curve in Tb and let h^g be the simple closed curve in 
Tb such that (/i|QB)*([c]) G ([/i^])- Then, possibly after passing to a subsequence, the 
following properties hold: there exists an element (a, h) in V* and a sequence of sections 
{6i, i G N} ofTB with respect to the Seifert fibration on B such that 

h^B - h%5\, I G N 
where Kb denotes the homotopy class of the regular fiber on B. 

Proof of ClaimK5\ Denote by {T\, ...,T^} (resp. {Tg, ...,T^}) the components of Ta 
(resp. Tb) in such a way that is identified with Tg in Mi when v — 1, Let c — Cg 
be a simple closed curve on Tg and let hg denotes the simple closed curve in Tb such that 
(/i|Qb)*(c^) £ ([^ij])- Complete this curve by a system of curves {cg, c'^} where 
Cb is a simple closed curve in Tg such that (./i (c^) G ([ft-^ ) for v — 1, 

Note that since Qb is adjacent along Tb to hyperbolic pieces then fi\TB is TTi-injective 
and thus (/i|Qs)*(cb) is non-trivial (for t; = 1, 0- The sewing involution cti of Mi 
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h\QA 



h's Ta 



B Tb 



A 



allows to asociate to the family {c]j, c^} a system of curves {c^, c^} in 7^ such 
that c\ is a simple closed curve in and c\ = ai (c^ ) for v — \, ...,l. On the other hand, 
denote by h\ the simple closed curve in Ta defined by h\ — si ). Thus it follows from 
our construction that {}i\Qa)*{c\) are non-trivial elements of the cyclic group generated 
by [ft,^], for w = Since the sequence of maps {(/ijQ^) : Qa G N} are 

equivalents finite coverings then the family {{fi\QA)*{c\), {fi\QA)*{c^A)^ is always 
contained in an infinite cyclic subgroup of ttiTa when i G N. Then, by construction, 
the family {{fi\QB)*{c^B)^ (/j|'9B)*(cB)} satisfies the same property and thus for any 
i e N there exists a simple closed curve /i^ in Tb such that (/i|QB)*(c^) £ {Wb\) 
V — \, ...,l and i G N. To complete the proof of Claim l631 it is sufficient to apply the same 
arguments as in paragraph 5.2.2. 

□ 

End of Proof of Lemma ]6.3\ Domt (Hi). Let (Aa, P'A) be a basis of ttiT\. One can define a 
basis (Abj/Ib) of ttiT^ with As = (Ti(Aa) and ^b = (where cti is the sewing 

involution of Mi). By Claim lOl possibly after passing to a subsequence, one can assume 
that there exist two primitive curves Ha and kA in Ta such that 

(/»|<9a)*(^a) G ([/ia]) and e ([/ca]) for any i e N. 

Note that since fi\QA ■ Qa ^ is a finite covering then [Ha], [kA] are algebraically free 
in ttiTa and the group generated by {Ha, fc^i) is a finite index subgroup of ttiTa- On the 
other hand, using Claim l631 we know that there exist two elements (a, b) and (c, d) of V^, 
and two sequences of sections {Si,i G N}, {di, i E N} of Tb (with respect to the Seifert 
fibration of B) such that 

{mB)*C>^B) e {hidl) and {MQBUf^B) e {h%di) 
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Let {ui, i G N} denote the sequence of integers such that di — 5ih^ for i G N. With this 
notation we get {fi\QB)*{ij.B) e {h''g'''"'Sf). Note that /ilTg : Tb ^ Tb is a finite cov- 
ering of constant degree when i G N. Indeed since fi \ Qa '■ Qa ^ A is a finite covering 
between hyperbolic 3-manifolds then dcg{fi\Q a) is a constant equal to Vol(Q^)/Vol(yl) 
and thus the degree of the maps fi\TA'- ^ 7a is constant. Thus so is the degree of the 
maps /ilTs : Tb ^Tb- 

Then, possibly after passing to a subsequence, we may assume that — ad — bc — bdrii 
does not vanish and is constant when i G N. It follows from the construction that 

{s,)4hA) ^ h%5'^ and {s,)4kA)^h%+'''''Sf 

Case r. Assume first that bd = 0. Then either 6 = and (si)*(/iyi) = where 
a = ±1 or c? = and (si)*(fc^) = /i^''"' where c + drii ~ c = ±1. Then we set 
— tiA or Xa = kA depending on whether 5 = or d = 0. Choose a primitive curve fiA 
in Ta in such a way that (Ayi, /xa) is basis of ttiTa- Since the subgroup of ttiTa generated 
by Ha, kA has finite index in ttiTa then there exists n G N such that /i^ G {hA, kA)- Let 
a;, y be two integers such that /i^ — h\k\. Thus we get 

{s^UXa) = hf and {siU^i\) = h'^^+v^+v"''^ S^.+dy 

Subcase 1.1: If 6 = then d 7^ 0, otherwise Aj = which is impossible, and 
(si)*(/i^) = h°^^^^d'l^ where di is a section of Tb defined by di = Sih'g . Notice that 
in this case then necessarily y 0. Thus (si)*(/iA) = h^^df where (u, w) are coprime. 
Since (si)*(AA) = h^, and since {Xa,IJ-a) is a basis of ttiTa then w = ±1. 

Subcase 1.2:lfd = then 6 7^ and thus (si)* (a^a) = h°^+y''5\'' with a; 0. Then 
there exists a couple of coprime integers such that (si)*(/iA) = h'^^T where 

w' = ±L 

Case 2 : Assume now that bd ^ 0. Note that since A; is constant when « G N then 
in this case the sequence {ni, i G N} is necessarily constant. Hence we denote rii by no 
(when i G N). Consider the element of ttiTa given by Xa = h\k-^. Then (s,)*(Aa) = 
/i^'. Hence if Xa denotes the primitive element of t:\Ta such that G (Aa) then 
(•Si)*(Aa) = . Choose a primitive element /i^ in VxTa in such a way that (Ayi,/J,yi) 
is a basis of "KxTa- As in Case 1 we know that there exist integers n, x and y such that 
[i\ = hj^k\. Then 

Since (Aa, Ma) is a basis of ttiTa, since Si induces an isomorphism between ttiTa and 
ttiTb and since (si)*(AA) = ft,^^ then there exists an integer v such that {si)^{fiA) = 

This ends the proof of Lemma l631 

6.3. End of proof of ProDOsition l3.7l To complete the proof of Proposition l3.7l it remains 
to check that if {Ni, i G N} denotes a sequence of weakly equivalent closed Haken mani- 
folds satisfying the hypothesis of Lemma l63] then Ni is homeomorphic to Nj for any i,j. 
More precisely, the main purpose of this section is to state the following result. 

Lemma 6.6. Let Ni and N2 be two weakly equivalent non-geometric closed Haken mani- 
folds satisfying conditions (UI), (IV) and (V). Denote by si, S2 the sewing involution of Ni 
and N2. Suppose that for any pair of components A and B of N* such that Si connects 
a component Ta of dA with a component Tb of dB then Si\TA'- Ta Tb satisfies the 
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conditions (i), (ii) or (Hi) of Lemma \6. 3\ denendin g on whether A (resp. B) is a hyperbolic 
or a Seifert fibered manifold, i = 1,2. This means that 

(i) if A and B are hyperbolic manifolds then si\Ta '■ Ta — > Is and S2\Ta '■ Ta — > Tb 
are isotopic, 

(ii) if A and B are Seifert fibered spaces then there exist two elements (a, b) and (c, d) 
ofV* ( which depend on the canonical torus T obtained by gluing Ta with Tb ) with bd ^ 
and sections S\, b\ for Ta and (5|j, 8\ ^s, with respect to the Seifert fibrations of A 
and B respectively such that: 

{s,)4hA) = h%{6hf and {siUHb) = h-^AiSA)" 

{s2)4hA) = hiiSlf and (ss)*^^^) - h'xiSl)" 
where Ha and Kb denotes the regular fiber of A and B, 

(Hi) if A is hyperbolic and B is Seifert then there exists a basis (\a,^J^a) of ttiTa, 
an integer a G Z, which depends on T, and a section 6b of Tb with respect to the 
Seifert fibration of B such that {si)<,{\ a) = ^s, {si)*{^ia) = 5b, (s2)*(Aa) = 
and (s2)*(ma) = h'^s^B- 

Then Ni is homeomorphic to N2. 

Proof. Let A and B be two canonical submanifolds of Niii — 1, 2) such that Si connects 
a component Ta of dA with a component Tb of dB. Denote by Wi the submanifold of 
Ni obtained by gluing A and B identifying Ta with Tb via s^. Then to prove the lemma 
it is sufficient to show that Wi is homeomorphic to W2, for any canonical submanifolds A 
wABoiNi. 

Let Va and Vb denote the geometric pieces of A and B adjacent to Ta and Tb respec- 
tively. 

Case 1: Va and Vb are hyperbolic manifolds. In this case, it follows from hypothesis 
(i) of the lemma that si|Ta : Ta Tb and S2\Ta : Ta ^ Tb are in the same isotopy 
class. This means that if h denotes the identity map in A ]J i? then h o si and S2 o h are 
isotopic. This proves that Wi ~ W2- 

Case 2: Va and Vb are Seifert fibered manifolds. Then by point (ii) of the lemma, 
we know that there exist two sections S\, 8\ of Ta and 8\ of Tb with respect to the 
Seifert fibration of Va and Vb respectively such that 

(*) = /^^('Jb)' and = h\{6\)'' with bd ^ 

for i = 1,2 and where Ha and h b denote the homotopy class of the regular fiber of Va and 
Vb respectively. Notice that, since bd ^ Q then the equations (*) (for i — 1,2) determin 
the sewing involutions Si\TA- Ta ^ Tb and thus the manifolds Wi and W2. Indeed there 
exists a unique element {a, jS) of V^, such that 

{sMS'b) = h-A{S\f and {s2).{5l) = h^ASlf 
This element is given by the equations ac + afo = 1 and ad + j3b — 0. Denote by V^, 
Vg, resp. A' and B', the space obtained from Va, Vb, resp. A and B, after removing 
a regular neighborhood V{hA) and V{hB) of a regular fiber in Va and Vb- We write 
dV^ = TAUT^UTXu...UT^anddVl^ = Tb UT^ UT^ U ... UT^ where = dVihA), 
T'g = dV{hB) and T\ U ... U denote the components of OVa \ Ta and U ... U r| 
denote the components of OVb \ Tb ■ For each component T\, Tg i ~ 1, ...,p, j = 1, ...,q, 
we fix a section d\, dg of T\ and respectively with respect to the Seifert fibration of 
and Vb in such a way that ttiVj^ and ttiV^ admit the following presentation; 

t'iVa = {ai,bi, ■■■,ag^,bg^,qi, ...,qrj^,S\,S'j^,d\, ...,d'''^,hA ■ 



25 



UthAa^ ^ = hA,hhAbi ^ = hA,qihAqi ^ = hA,6\hAiSA) ^ = Ha, S'^^hAiS'^^) ^ = Ha, 

d^hAid^y^ = hA,qj' = h'^^ ,[ai,bi]...[ag^,bg^]qi...qrjA^'A-dA-d^A = 1) 
where S'y^ is the meridian of and 

ttiFb = (ai,6i, ...,agg,bgg,qi, ^rs) ^si '^S) <^B) ■■■,d%,hB : 

aihsa^^ = hsMhsbl^ = hB^qihsql^ = hB,5\hB{5^B)~^ = hB,SBhB{S'B)~^ = fiB, 

d^BhB{dB)~^ = hB,q]' = hg\[ai,bi]...[ags,bgs]qi...qrsSiSB.d]^...d% = 1) 
where S'g is the meridian of V{hB)- 

We construct a homeomorphism ry : V"^ U ^ U t>y setting: 

v{Sa) = ^%vid\) = d\,T]{ai) = a^,'q{b^) = h,'q{qi) = qi and ?7(^^) = 

where u denotes the integer defined by h\5\ — 5\ and 

v{5b) = S%,ri{dB) = dB,r]{ai) = a^,'l]{b^) = bi,T]{qt) = q^ and ijidg) = S'shB 

where v denotes the integer defined by h'^gSg = Sg. 

Extend this homeomorphism by the identity on (A\Va)Y[{B \Vb)- We denote by 
W- the space obtained after gluing A' with B' by identifying Ta and Tb via Si, i = 1,2. 
Then it follows directly from our construction that Wl is homeomorphic to W2. Note that 
the homeomorphism 

V: {wIT'aUt'b) ^ {wMU^'b) 

satisfies the following condition on the boundary: rj(hA) = hA, ri{hB) = /'s and rj(5'j^) = 
5'j,h\, r]{S'g) ~ S'ghg. This implies that Wi ~ W{/{5'^ = l,S'g = 1) is homeomorphic 
to W^id'^h'X ^ I, d'gh'"^ = 1), where Wi/{S'^ = 1,6'^ ^ 1) denotes the space obtained 
from Wl after performing a Dehn filling along ]J T'^ identifying each curve 6'^^ and 5'g 
to the meridian of a sohd torus. 

On the other hand, recall that it follows from our construction that Wi = W-/{5'ji^ = 
1,5'b = 1). Since W^/(5^ = 1,(5^ = 1) and W!il{6'Ah\ = 1,^^/1^ = 1) are homeo- 
morphic, this completes the proof of the lemma in Case 2. 

Case 3: Va is hyperbolic and Vb is a Seifert fibered manifold. Then by point (iii) of the 
lemma we know that there exists a basis {Xa, ^j-a) of i^iTa such that 

{si)*{XA) = fiB, {si)*{ij.a) = 5b and (s2)*(/Ua) = ^b/is 

where 5 b denotes a section of Tb with respect to the Seifert fibration of Vb, hs denotes the 
homotopy class of the generic fiber of Vb and a G Z. Denote by Vg, resp. B', the space 
obtained from Vb, resp. B, after removing a regular neighborhood V{hB) of a regular 
fiberin Vb- We write = Tg UT'UTi U ... UTp where T' = dV{hB) andTiU...urp 
denote the components of OVb \ Tb. For each component T^, i = 1, we fix a section 
dg of Ti with respect to the Seifert fibration of Vg in such a way that n-iVg admits a the 
following presentation: 

(ai, 61, agg,bgg,qi, g^s, i5b, S'B,dg, ...,dFg,hB ■ 

aihBa~^ = hB,bihBb~^ = hB-,qihBqi^ = hB.SBhBSg^ = Hb, SgfiBiSBy^ = hB, 

dBhsidBy^ = hB,q]' = ,[ai,bi]...[ag^,bgg]qi...qrsSBS'B-dB-dB = 1) 
where 6g is represented by the meridian of V(/ib). 

We construct a homeomorphism 77 : Vg ^ Vg such that 

v{Sb) = SBh%,r]{dB) = dB,r]{ai) = ai,r]{bi) = bi,r]{qi) = qi and 77(^3) = Sghg" 
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Extend 77 by the identity map on AY[{B \ Vb) ■ Denote by W/ the space obtained by 
gluing A with B' by identifying Ta with Tb via Si. Then it follows from the construction 
that W{ is homeomorphic to W2 ■ Note that the homeomorphism 7] : {Wl ,T') ^ {W2 , T') 
satisfies the following condition on the boundary: rj{hB) ~ fiB and ri{6') — S'^hg'^. This 
impUes that Wi = W{/{d'g = 1) is homeomorphic to W2/{Sghg'' = 1). 

On the other hand, recall that it follows from our construction that Wi — W[ / {S'g = 1). 
Since W2I {^'b = 1} and W2I ^^'b^^ — 1) are homeomorphic, this completes the proof 
of the lemma in Case 3. The proof of Proposition l3.7l is complete. □ 

Combining Proposition l3 .7l with Proposition B . 3l we have completed the proof of Propo- 
sition!^] This ends the proof of Theorem ll.2l 

7. Proof of Theorem I1.1I 

Let M be a closed orientable graph manifold and let (A'^^i)igN be a sequence of closed 
orientable Poincare-Thurston 3-manifolds dominated by M via degree one maps : M 
Ni. Since M is a graph manifold then Vol(i\/) = and since Vol(A^j) < Vol(i\/) then 
the Ni's are graph manifolds by Theorem l2.2l Denote by Ui the number of prime factors 
of each Ni and write Ni — A^/jJ...jJAf"' the prime decomposition of Ni (see |!M|). First 
note that the sequence (rii)igN is finite. Indeed since M 1-dominates Ni then by point 
(i) of Proposition 12. II applied to degree one maps we know that r{M) > r{Ni), where 
r{AI) denotes the rank of the fundamental group of M. On the other hand, it follows 
from the Grushko's Theorem (|MKS |) that r{N,) = r{Nl) + ... + r{N"'). This implies 
that the number of prime factors of the iV^'s is bounded by the rank of ttiM. Thus to 
complete the proof of Theorem 11.11 it is sufficient to show that the sequence of prime 
factors (Nf), when £ N x {1, ...,ni} is finite up to homeomorphism. For each 

(i, j) e N X {1, Tii}, consider the projection map pj: Ni ^ Nf. Such a map is a 
0-pinch and has degree one. On the other hand the Cutting of Theorem of M. Gromov 
applied to the prime decomposition of each Ni implies that Vol(iV/) = Vol(Af) ~ for 
all Then to complete the proof of Theorem ll.il we apply Theorem ll.2l or Theorem ll.3l 
to the sequence of degree one maps defined by jP- o fi depending on whether N-^ is Haken 
or not. 
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